Abstract. Let S1 and S2 be two affine semigroups and let S be the gluing of S1 and S2. Several invariants of S are then related to those of S1 and S2; we review some of the most important properties preserved under gluings. The aim of this paper is to prove that this is the case for the Frobenius vector and the Hilbert series. Applications to complete intersection affine semigroups are also given.
is a minimal presentation of S, for every (a, b) ∈ N k × N k with ϕ(a) = ϕ(b), the first l coordinates of b equal to zero and the last k − l coordinates of a equal to zero (actually, [21, Theorem 1.4] asserts that this characterizes that S = S 1 + d S 2 ).
For an affine semigroup S define Betti(S) as the set of s ∈ S for which there exists a, b ∈ ϕ −1 (s) such that (a, b) belongs to a minimal presentation of S. Theorem 10 in [14] states that Betti(S 1 + d S 2 ) = Betti(S 1 ) ∪ Betti(S 2 ) ∪ {d}.
Since several invariants as the catenary degree and the maximum of the delta sets depend on the Betti elements of S ( [9] and [8] , respectively), the computation of these invariants for S 1 + d S 2 can be performed once we know their values for S 1 , S 2 and d (see for instance [7, Corollary 4] ).
Affine semigroups with a single Betti element can be characterized as a gluing of several copies of affine semigroups with empty minimal presentation (and thus isomorphic to N t for some positive integer t) along this single Betti element ( [15] ).
We say that S is uniquely presented if for every two minimal presentations σ and τ and every (a, b) ∈ σ, either (a, b) ∈ τ or (b, a) ∈ τ , that is, there is a unique minimal presentation up to rearrangement of the pairs of the minimal presentation. It is known ( [14, Theorem 12] ) that S 1 + d S 2 is uniquely presented if and only if S 1 and S 2 are uniquely presented and ±(d − a) ∈ S 1 + d S 2 for every a ∈ Betti(S 1 ) ∪ Betti(S 2 ).
It is well known that the cardinality of any minimal presentation of an affine semigroup is greater than or equal to its embedding dimension minus the dimension of the vector space spanned by the semigroup. An affine semigroup is a complete intersection affine semigroup if the cardinality of any of its minimal presentations attains this lower bound. It can be shown that an affine semigroup is a complete intersection if and only if it is either isomorphic to N t for some positive integer t or it is the gluing of two complete intersection affine semigroups ( [12] ). This result generalizes [22] which generalizes the classical result by Delorme for numerical semigroups ( [11] ; actually the definition of gluing was inspired in that paper).
A numerical semigroup is a submonoid of N with finite complement in N. It is easy to see that every numerical semigroup is finitely generated (see for instance [25, Chapter 1] ) and thus every numerical semigroup is an affine semigroup. Let S be a numerical semigroup. The largest integer not belonging to S is known as its Frobenius number, F(S). By definition F(S) + 1 + N ⊆ S. This is why the integer F(S) + 1 is known as the conductor of S. Delorme in [11] shows that the conductor of a numerical semigroup that is a gluing, say S 1 + d S 2 , can be computed in terms of the conductors of S 1 , S 2 and d. Thus a formula for the Frobenius number of a numerical semigroup that is a gluing is easily derived (this idea is exploited in [4] to give a procedure to compute the set of all complete intersection numerical semigroups with given Frobenius number). One of the aims of this paper is to generalize this formula for affine semigroups.
Let S be a numerical semigroup. An element g ∈ Z\S is a pseudo-Frobenius number if g +(S \{0}) ⊆ S. In particular F(S) is always a pseudo-Frobenius number. The cardinality of the set of pseudo-Frobenius numbers is known as the (Cohen-Macaulay) type of S, t(S). A numerical semigroup is symmetric if its type is one (there are plenty of characterizations of this property, see for instance [25, Chapter 3] ). Delorme in his above mentioned paper [11] also proved that a numerical semigroup that is a gluing S 1 + d S 2 is symmetric if and only if S 1 and S 2 are symmetric. Nari in [19, Proposition 6.6] proved that for a numerical semigroup of the form
(actually the definition of gluing for numerical semigroups is slightly different and we have to divide S 1 and S 2 by their greatest common divisors in order to get S 1 and S 2 numerical semigroups; see the paragraph after Theorem 15). This formula can be seen as a generalization of the fact that the gluing of symmetric numerical semigroups is again symmetric, and it also shows that
• the gluing of pseudo-symmetric numerical semigroups (the only pseudo-Frobenius numbers are the Frobenius number and its half) cannot be pseudo-symmetric, • the gluing of two nonsymmetric almost symmetric numerical semigroup is not almost symmetric (S is almost symmetric if the cardinality of N \ S equals (F(S) + t(S))/2).
Let S be an affine semigroup, and let s ∈ S \ {0}. The Apéry set of s in S is the set
This set has in general infinitely many elements. If S is a numerical semigroup and s ∈ S \ {0}, then Ap(S, s) has exactly s elements (one for each congruent class modulo s). Let m be the least positive integer belonging to S, which is known as the multiplicity of S, and assume that S is minimally generated by {n 1 , . . . , n k }, with n 1 < · · · < n k . Clearly, n 1 = m and Ap(S, m) ⊆ { k i=2 a i n i | a i ≤ α i , i ∈ {2, . . . , k}}, with α i = max{k ∈ N | kn i ∈ Ap(S, m)}. When the equality holds we say that the Apéry set of S is α-rectangular. Theorem 2.3 in [10] shows that every numerical semigroup with α-rectangular Apéry set other than N can be constructed by gluing a numerical semigroup with the same property and a copy of N.
For a given affine semigroup S and a field K, the semigroup ring [13] for details; also the restriction of being generated by just two elements can be removed if we take S 2 as a copy of N).
If S is a numerical semigroup minimally generated by {n 1 , . . . , n k }, then m = (t n 1 , . . . , t n k ) is the unique maximal ideal of the power series ring
. The Hilbert function of the associated graded ring gr m (R) = n∈N m n /m n+1 is defined as n → dim K (m n /m n+1 ). In [2] 
Gluings and cones
Given an affine semigroup S ⊆ N m , denote by cone(S) the cone spanned by S, that is,
Observe that cone(S) is pointed (the only subspace included in it is {0}), because S is reduced.
Clearly, if A is finite and generates S, then
We will write aff(S) for the affine span of S, that is,
As usual we use the notation
(all sums are finite, that is, if A has infinitely many elements, all but a finite number of z a , q a and n a are zero).
Lemma 1. Let r 1 , . . . , r k , r k+1 and x ∈ cone(N m )\{0}, for some positive integers m and k. If cone(r 1 , . . . , r k ) = cone(r 1 , . . . , r k , r k+1 ), then the following conditions are equivalent:
Proof. Observe that from the hypothesis, r k+1 ∈ cone(r 1 , . . . , r k ), and thus there exists t 1 , . . . , t k ∈ Q ≥0 such that r k+1 = t 1 r 1 + · · · + t k r k . From this it easily follows (2) implies (1).
Assume that there exist q 1 , . . . q k ∈ Q >0 such that x = q 1 r 1 + · · · + q k r k . Let N ∈ N be such that for all i ∈ {1, . . . , k}, t i /N < q i (this is possible since q i > 0 for all i). Take q ′ i = q i − t i /N (which is a positive rational number) for all i ∈ {1, . . . , k}, and
Given r 1 , . . . , r k ∈ cone(N m ) \ {0}, we define the relative interior of cone(r 1 , . . . , r k ) by
Observe that the relative interior of a cone C is the topological interior of C in its affine span, aff(r 1 , . . . , r k ), with the subspace topology.
For A ⊆ N m , we say that F is a face of cone(A) if F = ∅ and there exists c ∈ Q m \ {0} such that
An element a ∈ A is an extremal ray of cone(A) if Q ≥0 a is a one dimensional face of cone(A). Now, according to Lemma 1, if A is the minimal system of generators of an affine semigroup S ⊆ N m , then we can say that x ∈ relint(cone(S)) if and only if x ∈ relint(cone(A)), even if A contains elements that are not extremal rays. We get also the following consequence. Proof. Obviously, if x i ∈ relint(cone(A i )), i ∈ {1, 2}, then x 1 + x 2 ∈ relint(cone(A)). Now, consider x ∈ relint(cone(A)). Without loss of generality we may assume that x = a∈A q a a with q a ∈ Q >0 . Thus, by taking x i = a∈A i q a a, we are done.
Notice that if S is the gluing of S 1 and S 2 by d, then
Otherwise, we may take
Proposition 3. Let A be a nonempty subset of N m , with m a positive integer. Assume that A = A 1 ∪ A 2 is a nontrivial partition of A. Let F be a face of cone(A). Then every x ∈ F can be expressed as x 1 + x 2 with x i in a face of cone(A i ), i ∈ {1, 2}.
Proof. Let x ∈ F . Then there exists c ∈ Q m \{0} such that c·x = 0 and c·y ≥ 0 for all y ∈ cone(A). Notice that cone(A) = cone(A 1 ) + cone(A 2 ). Hence there exists
We end this section by giving an affine-geometric characterization of gluings.
Proposition 4. Let S be an affine semigroup and d ∈ N n \ {0}.
a 2 , with z 1 , z 2 , t 1 , t 2 ∈ N, and a i ∈ S i , i ∈ {1, 2}. Hence,
The above result may be also obtained as a consequence of [17, Lemma 4.2] .
Observe that the inverse statement is not true as the following simple example shows. Let S be semigroup generated by the columns of the matrix A = 4 3 2 3 1 0 0 1 2 3 3 4
and let S 1 and S 2 be the semigroups generated by the three first and the three last columns of A, repectively. In this case, d := (6, 6) ⊤ ∈ S 1 ∩ S 2 and cone(S 1 ) ∩ cone(S 2 ) = dQ ≥0 . However, S 1 and S 2 cannot be glued by d because G(S 1 ) ∩ G(S 2 ) has rank 2; indeed, 3(2, 2) = 2(3, 3) and (0, 4) = −2(4, 0) + 2(3, 1) + (2, 2).
Corollary 5. Let S be an affine semigroup minimally generated by A. Let A = A 1 ∪ A 2 be a nontrivial partition of A, and let
, by an argument similar to the given in the proof of Proposition 4, we have that
Let S be the semigroup generated by the columns of the following matrix and let S 1 (S 2 , respectively) be the semigroup generated by the three first (last, respectively) columns of A.
, in the light of the above corollary, we conclude that S = S 1 + d S 2 , with d = (6, 6, 0) ⊤ .
Gluings and Frobenius vectors
Let S be an affine semigroup. We say that S has a Frobenius vector if there exists f ∈ G(S) \ S such that f + relint(cone(S)) ∩ G(S) ⊆ S \ {0} ⊆ S. Notice that f + (relint(cone(S)) ∩ G(S)) ⊆ S \ {0} is equivalent to (f + relint(cone(S))) ∩ G(S) ⊆ S \ {0}, and thus we omit the parenthesis in the above condition.
We are going to prove that if S 1 and S 2 have Frobenius vectors, then so does
Theorem 6. Let S be an affine semigroup. Assume that S = S 1 + d S 2 . If S 1 and S 2 have Frobenius vectors, so does S. Moreover, if f 1 and f 2 are respectively Frobenius vectors of S 1 and S 2 , then
is a Frobenius vector of S.
and G = G(S). Clearly
We start by proving that f ∈ G \ S. As f 1 ∈ G 1 , f 2 ∈ G 2 and d ∈ G 1 ∩ G 2 , we have f ∈ G. Assume that f ∈ S. Then there exist s 1 ∈ S 1 and s 2 ∈ S 2 such that f = s 1 +s 2 . Then f 1 +d−s 1 = s 2 −f 2 ∈ G 1 ∩G 2 = dZ. So, we can find k ∈ Z such that f 1 +d−s 1 = s 2 −f 2 = kd. If k ≤ 0, then f 2 = s 2 −kd ∈ S 2 , a contradiction. If k > 0, then f 1 = s 1 + (k − 1)d ∈ S 1 , which is also impossible, and this proves that f ∈ S.
In order to simplify the notation, set C 1 = relint(cone(S 1 )), C 2 = relint(cone(S 2 )) and C = relint(cone(S)). Now let us prove that for all x ∈ C ∩ G, we have that f + x ∈ S. Since f + x ∈ G, there must be g 1 ∈ G 1 and g 2 ∈ G 2 such that f + x = g 1 + g 2 . In light of Proposition 2, there exists x 1 ∈ C 1 and x 2 ∈ C 2 such that x = x 1 + x 2 . Then f + x = f 1 + f 2 + d + x 1 + x 2 = g 1 + g 2 . Let t ∈ Z >0 be such that s 1 = tx 1 ∈ S 1 and s 2 = tx 2 ∈ S 2 . This yields tf 1 + td + s 1 − tg 1 = tg 2 − tf 2 − s 2 = kd for some integer k. Assume that
, which implies that g 1 ∈ S 1 because f 1 is a Frobenius vector for S 1 .
Let n the maximum nonnegative integer such that g 1 − nd ∈ S 1 . Hence
, and consequently tn + k > 0, since otherwise t−k t − (n + 1) ≥ 0 and this would lead to
and f 2 is a Frobenius vector for S 2 , we deduce that g 2 + nd ∈ S 2 . Finally f + x = g 1 + g 2 = (g 1 − nd) + (g 2 + nd) ∈ S 1 + S 2 = S. If k ≥ 0, then tf 2 + s 2 + td − tg 2 = tg 1 − tf 2 − s 1 = −kd, and we repeat the above argument by swapping g 1 and g 2 .
If A is a set of positive integers, and S = A , then T = S/ gcd(A) is a numerical semigroup, and F(T ) = max(N \ T ). It follows easily that F(S) = gcd(A) F(T ). Recall that the conductor of T is defined as the Frobenius number of T plus one. Hence Theorem 6 generalizes the well known formula for the gluing of two submonoids of N ([11, Proposition 10 (i)]).
Lemma 7. Let S be an affine semigroup minimally generated by A. If A is a set of linearly independent elements, then f = − a∈A a is a Frobenius vector for S.
Proof. Let x ∈ relint(cone(S)) ∩ G(S). Then x = a∈A q a a = a∈A z a a, with q a ∈ Q >0 and z a ∈ Z for all a. Since the elements in A are linearly independent, this forces z a = q a for all a; in particular,
Since every complete intersection affine semigroup has either no relations (free in the categorical sense, that is, its minimal set of generators is a set of linearly independent vectors) or it is the gluing of two affine semigroups ( [12] ), we get the following result. 
is a Frobenius vector of S i . This formula has also been proved by the first author in [3] , and gave the following uniqueness condition: this Frobenius vector f is minimal with respect to the order induced by cone(S), that is, for every other Frobenius vector f ′ of S, f ′ ∈ f + cone(S). We recall that a reduced affine semigroup S is said to be simplicial if there are linearly independent elements a 1 , . . . , a n ∈ S such that cone(S) = cone(a 1 , . . . , a n ). Under this hypothesis, conditions for the existence and conditions for uniqueness of a Frobenius vector of S are given in [1] .
The formula (1) is a special case of the following general formula for a Frobenius vector of a complete intersection affine semigroup.
Remark 10.
Recall that according to [12] , any complete intersection affine semigroup is either generated by a set of linearly independent vectors or it is a gluing of two complete intersection numerical semigroups. Thus, repeating this argument recursively, if S is a complete intersection affine semigroup A, then there exists a partition A 1 ∪ · · · ∪ A t = A such that A i are sets of linearly independent vectors and
with S i = A i . From Theorem 6 and Lemma 7, it follows that
is a Frobenius vector for S.
Next we show that this Frobenius vector is unique in the sense defined above.
Proposition 11. Let S be a complete intersection affine semigroup and let f be defined as in (2) . Then for every face F of cone(S), (f + F ) ∩ S is empty.
Proof. Since either S is free or the gluing of two complete intersection affine semigroups S 1 and S 2 , we proceed by induction. If S is free, then Lemma 7 asserts that f = − a∈A a, with A the minimal generating set of S. Clearly in this case the assertion is true. Now assume that
, is also defined by (2) . By induction hypothesis, for every face
Assume to the contrary that there exists x ∈ F such that f 1 +f 2 +d+x ∈ S. According to Proposition 3, there exists x i ∈ F i , i ∈ {1, 2}, such that x = x 1 +x 2 , for some face F i of cone(S i ). Hence there are s 1 ∈ S 1 and s 2 ∈ S 2 such that
But f 2 +x 2 ∈ S 2 , which forces k +1 > 0, or equivalently k ≥ 0. But this is in contradiction with k < 0.
Theorem 12. Let S be a complete intersection and let f be as in (2) . Assume that f ′ is another Frobenius vector of S. Then f ′ ∈ f + cone(S).
Proof. Write f = a − b and f ′ = a ′ − b ′ with a, a ′ , b, b ′ ∈ S, and let c ∈ relint(cone(S)). Then
Assume that f ′ ∈ f + cone(S). Then the segment joining f ′ and x cuts some face of f + cone(S). Denote by f + F this face and let f + y be this intersection point (y ∈ F and F is a face of cone(S)). There exists a positive integer k such that ky is in S, and thus f + ky ∈ G(S) ∩ (f + F ). Notice that f + y = f ′ + y ′ for some y ′ ∈ relint(cone(S)). As y ∈ F , (k − 1)y ∈ cone(S), and consequently f + ky = f ′ + (y ′ + (k − 1)y) ∈ f ′ + relint(cone(S)). Hence f + ky ∈ (f ′ + relint(cone(S))) ∩ G(S) ⊆ S, in contradiction with Proposition 11.
Gluings and Hilbert series
The Hilbert series of S is the Hilbert series associated to K[S]: H(S, x) = s∈S x s , where for s = (
m . This map is sometimes known in the literature as generating function of S, and it has been shown to be of the form g(S, x)/ a∈A (1 − x a ), with A the minimal generating set of S (see [6, §7.3 
]).
The next lemma is a straightforward generalization of (4) in [20] .
Lemma 13. Let S be an affine semigroup and let m ∈ S \ {0}. Then Proof. It follows directly from the definition of Ap(S, m), that for every s ∈ S, there exist unique k ∈ N and w ∈ Ap(S, m) such that s = km + w. Hence H(S, x) = k∈N,w∈Ap(S,m)
The proof follows by taking into account that k∈N (
The following result can also be understood as a generalization of (4) in [20] , since for simplicial affine semigroups that are Cohen-Macaulay the set 
, which concludes the proof.
Theorem 15. Let S, S 1 and S 2 be affine semigroups, and let d ∈ S. Assume that
Proof. From (3),
From [21, Theorem 1.4], the mapping
is a bijection, and thus Ap(
If S is a numerical semigroup (gcd(S) = 1), and it is a gluing of M 1 and M 2 , then
We say in this setting that S is a gluing of S 1 and
From the definition of Hilbert series associated to a submonoid M of N , it follows easily that if k | gcd(M ), then (5) H(M/k, x k ) = H(M, x).
We get the following corollary. Then
. This is indeed a particular case of the following theorem.
Theorem 20. Let S be a complete intersection affine semigroup minimally generated by A. Let d 1 , . . . , d t−1 be as in Remark 10,
.
Remark 21.
Observe that if we substract the degree of the numerator and denominator of the formula given in Theorem 20 we obtain Formula (2). .
The Frobenius number of S is 10 + 12 − (4 + 5 + 6) = 7.
